A fundamental requirement in the new generation of high resolution Cosmic Microwave Background imaging experiments is a strict control of systematic errors that must be kept at µK level in the final maps. Some of these errors are of celestial origin, while others will be generated by periodic fluctuations of the satellite environment. In particular these environment instabilities will cause fluctuations in the measured signal output thus generating correlated effects in the reconstructed maps. In this paper we present an analytical study of the impact of periodic signal fluctuations on the measured sky maps to be produced by the survey of the Planck-LFI instrument. In particular we show how it is possible to estimate analytically the peak-to-peak amplitude on the final maps of signal fluctuations of arbitrary shape.
Introduction
The Cosmic Microwave Background (CMB) radiation is the radiant heat left over from the Big Bang. Although this radiation is highly isotropic it presents tiny variations (δT /T ≈ 10 −5 , where T = 2.725 ± 0.002 K, Mather et al. 1999 ) on angular scales ranging from few arcminutes to several degrees. CMB anisotropies are related to fluctuations in the matter density in the early universe; therefore they carry information about fundamental cosmological properties such as the present expansion rate and average density of the universe, the amount of dark matter, and the nature of the seed fluctuations from which all structures in the universe arose (Vittorio & Silk 1984 , Efstathiou 1987 .
In 1992 the NASA satellite COBE (COsmic Background Explorer) provided the first experimental evidence of such fluctuations, mapping the CMB over the whole sky with an angular resolution of ∼ 7 • (Smoot et al. 1992) . After COBE there has been a considerable increase in the effort to improve the measurement of CMB anisotropies and a number of balloon-borne and groundbased experiments have recently provided CMB maps of small sky patches with high angular resolution and sen-Send offprint requests to: A. Mennella sitivity (Netterfield et al. 2000 , De Bernardis et al. 2000 , Lee et al. 2001 , Stompor et al. 2001 .
Full-sky CMB maps with high resolution and sensitivity, however, can be obtained only by experiments run in space, where the entire sky is in full view and the environmental conditions are much more favourable (Danese et al. 1996) . The NASA satellite MAP (launched in June 2001) will provide the first improved full-sky maps since COBE, while the ESA satellite Planck will map the CMB with an accuracy set mainly by astrophysical limits.
A key factor for the success of these missions is a strict control of systematic effects (see, e.g., , particularly those that are synchronous with the spacecraft spin period . This kind of fluctuations, in fact, may be particularly difficult to remove from the data stream because of their similarity with the true sky signal, although some data analysis methods have been developed to deal also with spin synchronous signals of celestial origin (Delabrouille et al. 2001) .
In general we can classify systematic effects into five broad categories:
-External Straylight. These systematic errors are generated by signals coming from celestial sources entering the instrument through the antenna side-lobes . Because these signals are intrinsically spin-synchronous, it is very important to control them in hardware, in order to minimise the need of recognising and removing them from the data stream.
-Main Beam shape. Here we are concerned by errors caused by deviations of the real main beams from perfect Gaussian beams (effects of distortion, ellipticity) and by differences between beam shapes at the same frequency (Burigana et al. 1998 , Mandolesi et al. 2000a , Mandolesi et al. 2000b ).
-Instrument Intrinsic. These systematic effects arise from non-idealities of the instruments themselves, and are characterised by short-to medium-time scale fluctuations and by slow drifts. A typical example is represented by gain and noise temperature fluctuations in radiometer RF amplifiers, which display a 1/f spectral behaviour (Burigana et al. 1997a , Seiffert et al. 2001 and cause correlated effects on the final maps (striping) which can be only partially removed in software (Maino et al. 1999 ).
-Pointing. The major effect of pointing instabilities and uncertainties is a degradation of the beam shape reconstructed using bright sources like planets. This has a direct impact on the estimated CMB angular power spectrum. Furthermore an overall degradation of the angular resolution occurs since the effective beam width is the convolution of the beam shape with the statistical distribution of pointing uncertainty.
-Thermal Fluctuations. This kind of effects is caused by thermal oscillations on time-scales typically ranging from less than a minute to more than an hour. A typical example in Planck is represented by thermal instabilities caused by the Sorption Cooler (the 20 K cryostat on-board the Planck satellite, Prina et al. 2001 , Bhandari et al. 2000 , that will cause periodic oscillations in the focal plane temperature with peakto-peak amplitude ≤ 50 mK and with a wide frequency spectrum.
In many cases the above effects display a periodic behaviour leading to a periodic spurious contribution to the measured signal. While the transfer function from the fluctuation source to the measured signal depends on the details of the instrument and of the effect being considered, the transfer from the measurement output to the sky map does not depend on the source but only on the period of the effect and on the scan strategy, and therefore it can be treated independently.
This work is a study of the impact of periodic signal fluctuations on the measured sky maps to be produced by the Planck-LFI survey. We start with a general discussion of the sources of periodic systematic errors in Planck and on their coupling with LFI radiometers (section 2). Next we show how a periodic fluctuation in the radiometer output transfers to the final maps and analyse the behaviour of the damping factor versus the oscillation frequency (section 3). In this section we also evaluate the possibility to reduce the level of residual systematic errors by applying destriping algorithms (section 3.2.2), also considering the combination of such systematic errors with instrumental noise. The main result of this analysis is summarised by a general relationship representing the total reduction factor (from signal to map) versus the periodic signal oscillation frequency. This relationship allows us to estimate the final peak-to-peak error in a map starting from a periodic effect of arbitrary shape. In section 4 we discuss the application of this relationship to an example of particular interest for Planck-LFI. Finally in section 5 we draw our main conclusions.
Although the examples presented in this papers are relative to Planck, the concepts at the basis of our treatment are general, and can be applied to any CMB imaging experiment.
Periodic systematic errors in PLANCK
In this section we briefly present the Planck mission and review the main sources of periodic fluctuations (thermal and electro-magnetic). We also provide a qualitative discussion regarding the transfer of such fluctuations from the source to the instrument and, ultimately, to the radiometer output.
The PLANCK mission
Planck is an European Space Agency (ESA) satellite mission to map spatial anisotropy in the Cosmic Microwave Background (CMB) over a wide range of frequencies with an unprecedented combination of sensitivity, angular resolution, and sky coverage. It consists of a High Frequency Instrument (HFI) and a Low Frequency Instrument (LFI) observing the sky through a common telescope (see Fig. 1 ).
The satellite will spin with the telescope observing axis nearly perpendicular to its spin axis, mapping the sky through a large set of near great circles at a spin rate of 1 rpm. The satellite orbit (around the Lagrangian point L2 of the Sun-Earth system) will guarantee a high degree of thermal stability as the spin-axis will always point at a small constant angle (less than ∼ 10 • ) with respect to the spacecraft-Sun direction. A sketch showing the baseline Planck scanning strategy (with the spin axis pointing in the anti-Sun direction) is shown in Fig. 2 .
Planck measurement strategy is to acquire data from the same sky circle for one hour before repointing the satellite spin axis by θ rep ∼ 2.5 ′ . This way the same sky pixel is measured 60 times in each scan circle.
The extremely low level of the residual systematic errors required for Planck calls for a very stable environment, that will be guaranteed both by the satellite orbit and by the spacecraft/instrument design.
LFI is constituted by an array of radiometers that will collect the CMB radiation in four well defined frequency The satellite is a spinner orbiting around the L2 Lagrangian point of the Sun-Earth system. In the baseline strategy the satellite spin axis will always point in the anti-Sun direction while the telescope will observe the sky at an angle of α = 85 • from the spin axis.
bands, centered at 30, 44, 70 and 100 GHz. The baseline design for the Planck-LFI radiometers is a modified correlation receiver, realised with High Electron Mobility Transistor (HEMT) amplifiers that will be cooled down to 20 K to reduce instrumental noise and reach the required sensitivity (∼ 20 µK per pixel for the 100 GHz channel).
Sources of periodic fluctuations
Periodic fluctuations in the environment of the Planck satellite will be caused principally by: (i) the satellite ro-tation around its axis and (ii) operating conditions of the various on-board cryo-coolers.
The first type of oscillations will be inherently spinsynchronous, i.e. they will be characterised by a period of 60 seconds. Although the Planck orbit is chosen to maximise stability, it is possible that small fluctuations will be caused by local space anisotropies (e.g. magnetic fields, fluxes of particles, etc), by signals coming from bright celestial sources (e.g. Sun, Earth, Moon) and by small deviations of the spin axis from the anti-Sun direction.
The second type of oscillations will be characterised by a much more complex frequency spectrum and it is expected to be the major source of instabilities. A typical example in Planck is represented by thermal instabilities induced by the Sorption Cooler, that provides the 20 K environment to the LFI radiometers and drives the "chain" of cryo-coolers necessary to cool the HFI bolometers down to 0.1 K. The Sorption Cooler does not have any moving parts, but it is composed by six hydride beds where hydrogen is alternatively absorbed and released. The activity of such compressors will generate oscillations that will be characterised by the main frequencies of each compressor (about 667s) and of the whole assembly (4000s).
Coupling between periodic fluctuations and LFI measurements
Periodic fluctuations will couple with the radiometer output through an instrument transfer function, f instr , that quantifies the sensitivity of the instrument to a given environment fluctuation δF (t) (e.g. a temperature fluctuation).
If we indicate with p(t) the radiometer power output then we can calculate the change in the observed signal, δT sky , caused by a fluctuation δF by solving the equation ∂p ∂T sky δT sky = ∂p ∂F δF which leads to:
The exact form of the transfer function f instr will depend on the radiometer architecture and on each particular systematic effect. A treatment of the coupling of the different sources of periodic fluctuations with LFI radiometers is outside the scope of this paper and it will not be treated here. Therefore in the following we will consider the effect of oscillations in the radiometer output of given amplitude and frequency regardless of their source.
3. Transfer of periodic oscillations from radiometer output to maps
Level of residual fluctuations in scan circle time-scale
The Planck measurement strategy is such that the signal coming from each resolution element in the sky will be measured approximately 60 times during one scan, thus reducing the effect of fluctuations occurring on time-scales greater than the spin period.
In particular, if we average N measurements of the same pixel taken at times t j then the residual signal oscillation is given by:
where t j = t + (j − 1) τ spin (τ spin = 60 s is the spin period which is also the interval between two consecutive measurements of the same pixel in the sky). Let us consider a sinusoidal signal oscillation with amplitude A f and period τ f , i.e. δT sky (t) = A f cos(2πt/τ f ). Equation (2) takes then the form:
Equation (3) gives the amplitude of the signal oscillation after averaging N measurements of the same pixel starting at time t. Because the term cos [π(2t + (N − 1)τ spin )/τ f ] is bounded by ±1, then the peak-to-peak fluctuation in the data stream after averaging over N scan circles is simply given by:
Let us now consider two special cases that can be derived from the above equation: the case of "spin synchronous" fluctuations (for which τ f = τ spin /k where k is any integer) and the case of "spin resonant" fluctuations (for which τ f = N τ spin /k, where k is any integer not multiple of N ).
Spin synchronous fluctuations are not damped by the measurement redundancy 1 while spin resonant fluctuations, instead, are such that for every pixel the average fluctuation after N consecutive measurements is zero.
Let us now consider first oscillations with τ f ≤ τ spin . In Fig. 3 we show a plot of δT p−p sky N given by equation (4) for values of τ f up to 70 s, considering Planck nominal values (τ spin = 60 s and N = 60) and assuming A f = 0.5 mK.
The picture shows that the residual peak-to-peak fluctuation in a sky scan circle equals 2A f for spinsynchronous periods and is of the order of A f /N otherwise. The inset in Fig. 3 highlights that for spin resonant periods the oscillation is completely cancelled by the averaging. Fig. 4 shows the case of oscillations with τ f > τ spin . In this case there are no more spin synchronous periods, A final remark needs to be made concerning the relevance of resonant periods in the context of Planck-LFI measurements. Although fluctuations at these periods in principle do not contribute to the overall effect, in reality many non-ideal behaviours (like instability in the spin period, pointing errors, variations in the repointing time, etc.) will concur in eliminating such sharp resonances. For this reason equation (5) provides a much realistic estimate of the effect on the measured data stream of a fluctuation with with τ f > τ spin .
Level of residual fluctuations on final maps
The simplest way to estimate the impact of periodic fluctuations on the final measurements is to project the data stream of measurements averaged over multiple scans onto a map with a given pixel size and then evaluate the peakto-peak amplitude. This rather simple procedure gives a gross upper limit of the amplitude of the effect, which is usually greatly reduced by applying so-called "destriping" algorithms to the time ordered data.
The example in Fig. 5 shows a map (produced according to the HEALPix hierarchical structure, Gòrski et al. 1998 ) of an oscillation having a period τ f = 667 s and A f = 0.5 mK. The map is relative to the position of a 30 GHz LFI radiometer and has a pixel size of 13.7 ′ , as all the maps shown in this paper 2 . From the figure it is apparent that the amplitude of the oscillation has been reduced, from the instrument output to the final map, by approximately a factor of 300. Part of this reduction (a factor of about 17) comes from the measurement redundancy discussed in section 3.1 (see equation (5)), while the remaining is determined by the projection of the data stream onto the sky map and by the data processing with our destriping algorithm.
In the following we will discuss these two steps separately in order to derive a general relationship to estimate 2 Note that the choice of this particular beam position and of a simple scanning strategy with no precession and α = 85 • implies that our simulations are conservative from the point of view of the destriping efficiency. On the other hand previous studies (Maino et al 1999) have shown that the destriping efficiency shows a weak dependence on the detailed beam position and scanning strategy, with the exception of the "degenerate" case of an on-axis beam and α = 90 • the final peak-to-peak amplitude of a given systematic effects by knowing its amplitude at the instrument output, its frequency and the map pixel size.
Projection of averaged data streams onto sky maps
The projection of a time ordered array of data onto a map consists in the association of every data sample to a pixel coordinate in the sky. Fig. 6 shows a schematic of this process which highlights the damping effect of averaging data from different sky circles associated to the same pixel. In Planck-LFI each sky circle is sampled approximately three times every FWHM and the satellite repointing is of the order of 2.5 ′ . Near the ecliptic plane every map pixel is obtained by averaging values from N scan ≈ θ pixel /θ rep adjacent circles. At higher latitudes the circle crossing patterns are more complicated, but they are not relevant to the calculation of the peak-to-peak amplitude on the map.
If we now consider the Planck scanning strategy it is clear that pixels close to the ecliptic plane will be "visited" by a smaller number of scan circles compared to pixels around the ecliptic poles. Therefore the amplitude of a fluctuation projected onto a sky map will be maximum along the ecliptic, where each pixel is crossed by N scan ≈ θ pixel /θ rep circles.
A rather simple analysis of the data averaging in pixels around the ecliptic plane allows us to write the following formula for the peak-to-peak amplitude of a fluctuation with amplitude A f and period τ f when projected onto a sky map with pixel size θ pixel :
It is worth noting that from equation (6) is appears that δT p−p sky map can be zero for every value of τ f that satisfies the relationship τ f = N N scan τ spin /k with k integer. A set of these values is what we have called spin resonant periods, i.e. those periods which are resonant with the scan circle time N × τ spin . Another set of these values corresponds to periods that are resonant with the repointing time τ scan = N scan × τ spin . Considering that N scan is not constant all over the map (pixels close to the ecliptic poles are crossed by a greater number of scans compared to pixels close to the ecliptic plane) this latter set of periods does not actually produce a global zero-effect, but only in a limited number of pixels. Therefore, with the conservative assumption that spin resonant periods will not be relevant in the real mission, we can conclude that the best estimate of the peak-topeak amplitude δT p−p sky map can be well approximated by the upper limit of equation (6), i.e.:
where F map is the damping factor of the oscillation from the instrument output to the sky map. In Fig. 7 we show a comparison of the damping factor as a function of τ f calculated by equation (6) (solid line) and obtained from simulated maps (black dots) (θ pixel = 13.7 ′ , θ scan = 2.5 ′ ). The figure shows a remarkable agreement between the damping factors obtained from simulations and calculated from equation (7).
Removal of periodic systematic effects from Time Ordered Data
In this section we evaluate the residual systematic error on the maps after the application of a "destriping" code developed by the LFI team for reducing the impact of 1/f noise fluctuations. This code generally uses averaged one-hour scan circles (although it has the capability to work with the full, unaveraged data streams); because averaging acts like a low-pass filter, only the very low frequencies remain in the map as a residual effect. The basic hypothesis is that for each circle the residual effect can be well approximated by a constant additive level related to the mean level of the spurious fluctuation during the scan. The code optimises these levels by minimising the map temperature values in pixels observed by more than one scan circle during the mission. Further details of the code implementation can be found in Burigana et al. 1997b . Fig. 7 . Comparison of the damping factor as a function of τ f calculated by equation (7) (solid line) and obtained from simulated maps (black dots) (θ pixel = 13.7 ′ , θ scan = 2.5 ′ ).
In Fig. 8 we show an example of the application of this code to a pure periodic fluctuation with a period of 4000 s and an amplitude (at the instrument output) of 1 mK peak-to-peak. A comparison between the two maps shows that the code is able to reduce the impact of such fluctuation by a factor of ∼ 34.
So far we have considered the application of the destriping code to time ordered data containing only the periodic fluctuation, i.e. with no noise present. In the next example (see Fig. 9 ) we show that the presence of white and 1/f noise in the data stream does not change the ability of the code to remove periodic signal fluctuations. To verify this we have applied our code to a data stream containing noise (white and 1/f ) plus a periodic signal and to a second data stream containing only white and 1/f noise.
The noise is typical of LFI 30 GHz radiometers, i.e. white noise and 1/f noise, with a spectral density of 231.5 mK/ √ Hz and a knee frequency of 0.1 Hz (a rather conservative estimate of the expected 1/f noise in LFI radiometers). The periodic fluctuation is the same as in Fig. 8 . Fig. 9 shows the map obtained by taking the difference between a map containing noise plus the periodic fluctuation and a map containing only noise (both after destriping). The result is a map that is very close to the bottom map of Fig. 8 , which was obtained by applying the destriping algorithm to the periodic oscillation without noise. Taking the difference between these two maps we verified that they are they are virtually indistinguishable at the level of 10 −5 µK. This indicates that the algorithm was able to recognise and reduce the effect of the periodic fluctuation even when embedded in a noise stream.
Our next step has been to evaluate the destriping damping factor for periodic fluctuations as a function of τ f . Fig. 10 shows how this damping factor increases ap- Fig. 9 . This figure shows the map obtained by taking the difference between a map containing noise plus the periodic fluctuation and a map containing only noise (both after destriping). By comparing this differenced map with the one obtained by applying the destriping code to the data containing only the periodic fluctuation (see Fig. 8 ) it is apparent that the presence of noise in the data stream does not change the destriping code ability to reduce the effect of periodic fluctuations. Fig. 8 . Application of the destriping code to a "pure" periodic systematic effect. The upper map is relative to a sinusoidal fluctuation with a τ f = 4000 s and A f = 5 mK. After post-processing the time ordered data with our destriping code the peak-to-peak effect on the map is reduced by a factor 34.
proximately linearly with τ f for periods greater than the spin period 3 . It is important to underline that the exact form of the linear interpolation shown in Fig. 10 is dependent on the conditions under which the maps have been calculated, which are, in the case discussed here, a sampling rate of 1 sample every ∼ 12 ′ and a map pixel size of 13.7 ′ (typical conditions of LFI 30 GHz channels). If we indicate with F destr (τ f ) = aτ f + b the destriping damping factor, we can write the following general form for the total damping factor of the peak-to-peak amplitude of periodic oscillations from instrument output to final map:
where F map can be calculated by equation (7). Note that equation (8) provides a lower limit of the total damping factor rather than the exact value. This is a consequence of our assumptions regarding the beam position and the scanning strategy which are marginally conservative with respect to the destriping efficiency (see footnote in section 3.2). In Fig. 11 we show a plot of the function F (τ f ) considering the destriping damping factor relative to the case shown in Fig. 10 . Fig. 11 . Total damping factor from instrument output to final map for the peak-to-peak amplitude of periodic oscillations having a period τ f > τ spin considering the destriping damping as in Fig. 10 .
Application to a periodic fluctuation of arbitrary shape
In this section we extend our analysis to periodic fluctuations of general shape and show an example of its application. Under very general assumptions we can write the oscillation in Fourier series as:
where ν j represent the harmonic frequencies. We now apply the same procedure discussed in the previous sections to each term of the series in equation (9) in order to calculate the peak-to-peak amplitude after one-hour averaging and after the projection of the averaged time data stream onto a map. Considering that for each harmonic term we have:
then the final peak-to-peak amplitude for a general signal on the map after destriping can be written:
Now we show an example of the application of this formalism to the signal oscillation shown in Fig. 12 both in time domain (upper graph) and Fourier space (lower graph) 4 .
This signal oscillation represents an estimate of the thermally-induced signal instability caused by a Sorption Cooler working with degraded performances. From the figure it is apparent that the fluctuation is dominated by two main periods (667 s and 4000 s) but it also contains a high number of harmonics with periods down to about 10 s. The inset in the lower graph of Fig. 12 is a close-up of the high frequency tail of the fluctuation spectrum.
By applying equation (11) to the Fourier transform of the signal we are able to calculate the expected peak to peak amplitude of this effect when this processed by our destriping code and projected onto a 13.7 ′ map. In the case discussed here the computation yields an expected value of 13.37 µK for the final peak-to-peak amplitude, which is in excellent agreement with the value obtained by the standard mapping procedure (see Fig. 13 ).
The same procedure was also applied to other two signal fluctuations with very different shapes, which represent thermally-induced fluctuations for various Sorption Cooler performance scenarios. The results of all the three tests summarised in Table 1 show a very good agreement between the final peak-to-peak amplitudes obtained from simulations and from equation (11), which confirms the general validity of our approach.
Note that the values reported in the last two columns of Table 1 are relative to 30 GHz LFI maps with a pixel size θ pixel = 13.7 ′ . Because the optical beam size will be approximately three times larger than θ pixel , the actual amplitude of the systematic effect on the instrument angular scale will be much smaller, ranging from ∼ 0.5 µK to ∼ 5 µK for the three cases reported in Table 1 .
Conclusions
In this paper we have analysed the effect of periodic signal oscillations on CMB maps to be produced by the Planck-LFI instrument. When these signal fluctuations are processed with a destriping algorithm and subsequently projected onto a sky map, the amplitude is reduced by a factor of several hundreds; an exception is represented by spinsynchronous oscillations that, in general, are not damped by the scanning strategy and can be reduced by destriping algorithms only in special cases.
We have studied analytically the transfer function of the peak-to-peak amplitude from the signal oscillation at the instrument output to the map before destriping. The main result is a general relationship that allows to estimate peak-to-peak effect of arbitrary periodic fluctuations on maps with arbitrary pixel size. Table 1 . Application of our analytical procedure to thermally-induced signal fluctuations of different shape and amplitude. These fluctuations represent the effect of the Sorption Cooler working with different levels of performance. The very good agreement between the final peakto-peak values obtained from equation (11) and from full simulations confirms the general validity of our approach.
The additional damping obtained by applying a destriping algorithm has been derived as a function of the oscillation period for maps that are typical of the 30 GHz LFI channels. The application of this procedure to a signal fluctuation of complex shape has shown that it is possible to predict accurately the final peak-to-peak effect.
Although this study has been performed in the context of Planck measurements, the results obtained are generally applicable to any sky imaging experiment involving redundant pixel measurements. Further developments of this study will be aimed at applying these results to predict the impact of different kinds of periodic systematic effects in Planck-LFI.
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